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Abstract 



We compute the dynamical entropy of Bogoliubov automorphisms of CAR and CCR 
algebras with respect to arbitrary gauge-invariant quasi-free states. This completes the 
' research started by St0rmer and Voiculescu, and continued in works of Narnhofer-Thirring 

00 ! and Park-Shin. 

t> 

o , 

^ ■ 1 Introduction and formulation of main result 
O 

One of the most beautiful results in the theory of dynamical entropy is the formula for the 
entropy of Bogoliubov automorphisms of the CAR-algebra with respect to quasi-free states 
obtained by St0rmer and Voiculescu [ 3V | in 1990. They proved it under the assumption that 
the operator determining the quasi-free state has pure point spectrum. Since then several pa- 
pers devoting to the computation of the entropy of Bogoliubov automorphisms have appeared. 



Narnhofer and Thirring [NT2 and Park and Shin |PS| 1 proved the formula for some operators 
with continuous spectrum. The latter paper contains also a similar result for the CCR-algebra. 
On the other hand, Bezuglyi and Golodets [BG] proved an analogous formula for Bogoliubov 
actions of free abelian groups. 



While the cases considered in [NT2] and [PS] required a non-trivial analysis, the proof 



of St0rmer and Voiculescu is very elegant. It relies on an axiomatization of certain entropy 
functionals on the set of multiplicity functions. The main axiom there stems from the equality 
huj{a) = ^h Ld (a n ). Thus, their method can not be directly applied to groups without finite- 
index subgroups. Instead, we can "cut and move" multiplicity functions without changing 
the entropy (see Lemma [O below). This observation together with the methods developed 



in [BG] allowed to prove (under the same restrictions on quasi- free states) an analogue of 
St0rmer-Voiculescu's formula for Bogoliubov actions of arbitrary torsion-free abelian groups 
fGN|. In this paper we will show that, in fact, the formula holds without any restrictions on 



the operator determining the quasi-free state. We will prove also an analogous result for the 
CCR-algebra. 

We will consider only the case of single automorphism, since in view of the methods of 
|GN2 ] the case of arbitrary torsion- free abelian group gives nothing but more complicated 



notations. So the main result of the paper is as follows. 



Theorem 1.1 Let U be a unitary operator on a Hilbert space H, ajj the corresponding Bo- 
goliubov automorphism of the CAR or the CCR algebra over H, A a bounded (A < 1 for CAR) 
positive operator commuting with U and determining a quasi-free state uja- Let U a = U\n a be 
the absolutely continuous part of U , 

/*© p (D p (D 

H a = H z d\(z), U a = zdX(z), A\ Ha = A z d\(z) 

JT JT JT 

a direct integral decomposition, where X is the Lebesgue measure on T (X(T) = 1). Then 
CAR: K A (au)= [ Trfa (A z ) + V (1 - A z ))dX{z), 

JT 

CCR: K A {a v )= [ Tr( v (A z )- v (l+A z ))dX(z). 

JT 



Corollary 1.2 The necessary condition for the finiteness of the entropy is that A z has pure 
point spectrum for almost all z G T. 



Corollary 1.3 // the spectrum of the unitary operator is singular, then the entropy is zero. 



For CAR, the latter corollary is already known from [5V|. 

Finally, for systems considered in ]NT2] and jPS), Theorem 1.1 may be reformulated as 



Corollary 1.4 Let I be an open subset o/l, w a locally absolutely continuous function on I, 
p a bounded (p < 1 for CAR) positive measurable function on I . Let U and A be the operators 
on L 2 {I,dx) of multiplication by the functions e w and p, respectively. Then 



CAR : Kj^au) 



1 

2^ 



CCR: h 



■ui A 



{au) = il 



[V (p(x)) + V (1 - P{x)))\oj'(x)\dx, 
rj (p(x)) -??(! + p(x))]\u'(x)\dx. 



The paper is organized as follows. Section ^ contains some preliminaries on entropy and 
algebras of canonical commutation and anti-commutation relations. In Section we prove that 



the entropies don't exceed the values of the integrals in Theorem 1.1. The opposite inequality 
is proved in Sections || and |B[ In Section |3| we obtain a lower bound for the entropy in the case 
where the unitary operator has Lebesgue spectrum and the operator determining the quasi- 
free state is close to a scalar operator. In Section [5l first, using the observation mentioned 
above we extend the estimate of Section ^| to arbitrary unitaries, and then prove the required 
inequality. 



There are also two appendices to the paper. The results of jGNjJ show that modular 
automorphisms can have the K-property (in the sense of Narnhofer and Thirring |NT1 |). This 
observation combined with the results of the present paper allow to construct on the hyperfinite 
Illi-factor a simple example of non-conjugate K-systems with the same finite entropy. This is 
done in Appendix A. Appendix B contains an auxiliary result on decomposable operators. 



2 Preliminaries 

Recall the definition of dynamical entropy [pNT |. Let (A,4>,a) be a C*-dynamical system, 
where A is a C*-algebra, <j) a state on A, a a ^-preserving automorphism of A. By a channel 
in A we mean a unital completely positive mapping 7: B — > A of a finite-dimensional C*- 
algebra B. The mutual entropy of channels B{ — > A, i = 1, . . . , n, with respect to </> is given 
by 

n 

^(7i,---,7n) =sup ^ r/(<&i...i„(l)) +5^5^5(^0 7 fc ,^ o 7fe ), 

tl,...,in fc=l ifc 

where 77(f) = — ilogt, 5(- , •) the relative entropy, <f>^ = - ik i 4>i\...i n i and the supre- 

mum is taken over all finite decompositions <fi = Yl^h—in °f 4> 111 the sum of positive linear 
functionals. If A is a W*-algebra and <f> is a normal faithful state, then any positive linear 
functional ^ < <f> on A is of the form </>(• o'lj^^ 2 ')) ^ or some x £ A, < x < 1. Thus, 

n 

^(71, • • • ,7n) = sup ^ r](4>{x h .. An )) + S , (0(7 fc (-)), 0(7feO-i/2( a; 2 )))> 

ti,...,i n fc=l *fc 

where the supremum is taken over all finite partitions of unit. 

The entropy of the automorphism a with respect to a channel 7 and the state 4> is given 
by ' 

hJr, a) = lim -^(7, a o 7, . . . , a™" 1 o 7). 

n— >oo n 

The entropy h^{a) of the system (A, 0, a) is the supremum of ^0(7; a) over all channels 7 
in A. 



We refer the reader to CNT ] , [OP], pV|, [NT1] for general properties of entropy. 



Lemma 2.1 Let (A, (f>, a) be a C* -dynamical system, {A n }^_ 1 a sequence of a-invariant sub- 
algebras of A, {F n }™ =1 a sequence of completely positive unital mappings F n : A — ► A n such 
that \\F n (x) — x\\^ — ► as n ^ 00, for any x £ A. Then 

hJa) < liminf hJa\A n )- 

n—*co 

Proof. The result follows from the continuity of mutual entropy in || 1 1 ^-topology: see the 
proof of Lemma 3.3 in [SV]. 

■ 

Though the possibility of A n (f_ A n+ \ is important for applications to actions of more general 
groups (see the proof of Theorem 4.1 in [ GN2| ]), we will use this lemma only when A n C A n+ \. 
Then the existence of F n 's is not necessary, as the following result shows. 

Lemma 2.2 Let A be a C* -algebra, (ft a state on A, {A n }^ =1 an increasing sequence of C*- 
subalgebras such that U n 7r ( i(^4 ri ) is weakly dense in ttAA). Then, for any channel 7: B —* A 
and any e > 0, there exist n E N and a channel 7: B — > A n such that ||7 — 7|U < £• 

Proof. This follows from the identification of completely positive maps Mat^(C) — ► A with 
positive elements in Mat^(^4) |CE[ and, in fact, is implicitly contained in [ |CNT |. We include 
a proof for the convenience of the reader. 



Without loss of generality we may suppose that B = Mat^(C). The channels B — > A are 
in one-to-one correspondence with positive elements Q G M&t^A) such that YlkQkk = 1- By 
Kaplansky's density theorem, there exists a net {Qi}i C U n Matrf(7r 9 i(^4 n )) such that 

< Qi < 1, Qi->nJQ) strongly. 

i 

We can lift Qi to an element Qi S U n Matd(A n ), < Q < 1. For 5 > 0, set 

Q(i; S) M = + d5 j (Q(*)« + W ^ + d * 

Let ji,s: B — > U n A n be the corresponding channel, ji^(eki) = Q{i'^)ki- Then 

lim lim||7 - 7i,a|L = 0. 
5^0 i 




Now recall some facts concerning CAR and CCR algebras | BR2 |. 

Let H be a Hilbert space. The CAR-algebra A(H) over H is a C*-algebra generated by 
elements a(/) and a*(/), f £ H, such that the mapping / a*(/) is linear, a(f)* = a*(f) 
and 

a*(f)a(g) + a(g)a*(/) = a(f)a{g) + a( 5 )a(/) = 0. 

Each unitary operator U on H defines a Bogoliubov automorphism au of A(H), 
au(a(f)) = a(Uf). The fixed point algebra A(H) e = A{H) a - 1 is called the even part of 
A{H). 

Each operator A on H, < A < 1, defines a quasi-free state on .A(i7), 

WA(a*(/i) • • • a*(f n )a(g m ) . . . 0(51)) = S nm det((Afi, gj))i t j. 
If Ker.4 = Ker(l - A) = 0, then is a KMS-state, 

ar A (a(/)) = where # = (2.1) 

If U and ^4 commute, then loa is a[/-invariant. 

If H = K © L, then -4,(i^) and *4(L) e commute, and we have 

AW* 1 ®- 1 = A(K) V A(L) e ^ -4(iT) © ^(L) e . 

If i<T is an invariant subspace for A, then 

In particular, there exists an u^-preserving conditional expectation 

(ld A(K) u) A {-)\A{L) e ) 1 + " le-1 



onto A{K). If K is finite-dimensional, then A{K) is a full matrix algebra of dimension 2 2n . 
In particular, for any / G H, \\f\\ = 1, the algebra -4,(C/) is isomorphic to Mat2(C), and we 
define matrix units for it as 

en(/) = o(/)a*(/), e 22 (/) = a*(/)a(/), e 12 (/) = a(/), e 21 (/) = a*(/). (2.2) 

The restriction of a quasi-free state uja to «4(C/) is given by the matrix 

1 - A 



() A , . where X = (Af,f). (2.3) 

The CCR-algebra U{H) over H is a C*-algebra generated by unitaries W(f), f G H, such 
that 

^(/)^(5) = e i ^W / (/ + 5)- 

A representation ir of U(H) is called regular, if the mapping I 9 f h ir(W(tf)) is strongly 
continuous. For any such a representation, the generator & n (f) of the group {ir(W(tf))} t is 
defined, Tr(W(tf)) = e lt ^ n ^ . Then annihilation and creation operators are defined as 

<M/) + *M*/) ,, n _ MH!!i 

M/j- ^ ' 7rUj ~ ^2 

These are closed unbounded operators affiliated with n(U(H))", a n (f)* = a^(f), a*(f) de- 
pends on / linearly, and for any /, g G H we have the commutation relations 

OwteXCf) - K(f) a 7r(g) = (f, 9)1, a n (g) a7T (f) - a n (f)a n (g) = 

on a dense subspace. In the sequel we will suppress tt in the notations of annihilation and 
creation operators. 

Each unitary operator U on H defines a Bogoliubov automorphism ay of U(H), 
au(W(f)) = W(Uf). 

Each positive operator A on H defines a quasi- free state uja on U(H), 

WA (^(/)) = e -iii/ii 2 -4w). 

The cyclic vector in the GNS-representation belongs to the domain of any operator of the 
form a*(/i) . . . a*(/„), where a* means either a* or a, and 

(a*(/)a( 5 )^,U) = (^/,5)- 
If Ker^4 = 0, then uja is separating (i. e., £ UA is separating for tt U)a (U{H))"), and 

at A (W(f)) = W(B u f), where # = 

so that 

^ A a#(h) . . . a#(/ n )^ A = a#(B lt h) . . . a#(B it f n )^ A . (2.4) 
If = K L, then W(-fT) = U{K) ® U(L). If K is an invariant subspace for A, then 



= U A \u(K) ® U A \u(L)i 



so that there exists an (j^-preserving conditional expectation Idu(K) ® w a|w(l) onto U(K). 

If K is finite-dimensional, then every regular representation ir of U(K) is quasi-equivalent 
to the Fock representation, in particular, n(U(K))" is a factor of type (if K ^ 0). Thus, 
for any regular state u> on U{K) (so that the mapping t i— > o;(W(i/)) is continuous) the von 
Neumann entropy of the continuation a) of the state u to 7r^(W (K))" is defined. We will denote 
it by S(u) (in fact, the notion of entropy of state can be defined for all C*-algebras, and then 
S(uj) = S(uj) |OP|1 ). If K = Cf, ll/H = 1, we define a system of matrix units {eij(f)}i,jez+ 
for n(U(K))" as follows: 

£kk{f) is the spectral projection of a*(f)a(f) corresponding to {k}, 

e *+^tf) = {jkTnjl) ' a *W nekk ^ = {jkTnjl) ' ^+nMn{f)a*{fT. (2.5) 

In particular, if uja is a quasi-free state on U(H), for any f £ H, \\f\\ = 1, we obtain a system 
of matrix units {%■(/) }ij in tt Ua (U(H))" , and 

^(ey (/)) = where A = W> /)• ( 2 - 6 ) 

(This is equivalent to the fact that if ^4 is of trace class, then the quasi-free state uja is given 

FY Fi) 

in the Fock representation by the density operator , where T is the operator of second 

quantization.) 

In the sequel we will write C(H) instead of A(H) and U{H) in the arguments that are 
identical for CAR and CCR. 

The following result is known, but we will give a proof for the reader's convenience. 

Lemma 2.3 Let H be finite- dimensional, uja a, quasi-free state on C{H). Then 

(i) CAR : S{uj a ) = Tr(j? (A) + r, (1 - A)), CCR : S{uj a ) = TY(7? (A) - rj (1 + A)); 

(ii) if H = Hi® H 2 , then S(uja) < 5(^a|c(Hi)) + S{uja\c(h 2 )) ■ 

Proof. Let Pi be the projection onto H u A4 = PiA\ Hi . Set Mj = u UA .{U{Hi))" ', M = 
it UJa (U(H))" . Since all regular representations oiU(Hi) are quasi-equivalent, we may consider 
Mj as a subalgebra of M. Since Mi is a type I factor, we have M = M\ <g) (M{ H M), whence 
M = Mi (8) Mi. Thus, the assertion (ii) for CCR is the usual subadditivity of von Neumann 
entropy. 

Turning to CAR, let us first note that if M is a full matrix algebra, uj a state on M and 
a an automorphism of M, then S(u) < S(uj\M a ), and the equality holds iff u is a-invariant. 
Indeed, let Q (resp. Q) be the density operator for uj (resp. uj\M a )- Since the canonical trace 
on M a is given by the restriction of the canonical trace Tr on M, we have Tr Q = 1, hence 

S(<u\ M °) ~ S(uj) = TrQ(logQ - logQ) > 0, 

and the equality holds iff Q = Q, i. e., Q £ M a . 
Applying this to CAR, we obtain 

S(uj a ) < S(u A \A(Hi)®A(H2) e ) < S(uj A \a(Hi)) + S ( UJ A\A{H 2 )e) = ^(^Ucifi)) + S ( w a\a(H 2 ))- 
We see also that if Hi is an invariant subspace for A, then 



S{uj a ) = S(a>A|c(#i)) + 5 '(^|c(h 2 ))- 



So, in proving (i) it is enough to consider one-dimensional spaces, for which the result follows 
immediately from (|2,3|) and (|2.6| ). 

■ 

Lemma 2.4 Let U be a unitary operator on H, {P n }^Li a sequence of projections in B{H), 
P n U = UP n , P n — > 1 strongly, H n = P n H. Then, for the Bogoliubov automorphism ctjj and 
any ajj -invariant quasi-free state lva on C(H), we have 

hu> A {au) < liminfh UA (au\c(H„))- 

Proof. Let C be an operator commuting with P n for all n £ N. Let E n be the w<7-preserving 
conditional expectation of C(H) onto C(H n ) defined above. Then ||I? n (x) — x\\ U!A — > for 
any x G C(H). Indeed, for CAR we have even the convergence in norm, that follows from 
||-En|| = 1 an d ||o(/)|| = 11/11- F° r CCR, the assertion follows from the equalities 

E n (W(f)) = e -Hl(l- J, »)/ll 2 -J(C(l-i'n)/,(l-Pn)/) W (p n/ ) j 

\\W(f) - W(g)\\l A = 2 - 2Re (e^u; A (W(f - g))) . 
Thus we can apply Lemma [O]. 



3 Upper bound for the entropy 

In this section we will prove that the entropies do not exceed the values of the integrals in 



Theorem 1.1 



There exists a Hilbert space K and a unitary operator V on K such that U a @V has 
countably multiple Lebesgue spectrum. Set 

H = H®K, U = U®V, A = A®0. 

Then, due to the existence of an u^-preserving conditional expectation C{H) — > C(H), we 
have hu A (a,u) < h UJA (ajj). On the other hand, the passage to (H,U,A) does not change the 



value of the integral in Theorem 1.1. So, without loss of generality we may suppose that U a 
has countably multiple Lebesgue spectrum. If the value of the integral is finite, then A z has 
pure point spectrum for almost all z £ T. Then we can represent H a as the sum of a countable 
set of copies of L 2 (T) in such a way that U and A act on the n-th copy as multiplications by 



functions z and X n (z), respectively (see Appendix B). By Lemma 2A, we may restrict ourselves 
to the sum of a finite number of copies of L 2 (T). Thus, we suppose 

m „ mo m 

H a = L 2 (T), U a = © z, A\ Ha = © X k (z), 

k=l k=l k=l 

and we have to prove that 

mo 



CAR: K A (a v ) < V / fa (X k (z)) + 7/(1 - X k (z)))dX(i 
k=l h 



m . 

CCR: K A {pcu) < V / (r? (X k (z)) -f}{\ + \ k (z)))d\(z). 



Let Hq be the mo-dimensional subspace of H spanned by constant functions in each copy 

n 7 
k=0 L 



of L 2 (T). Then H a = e n& U n H . For n G N, set il n = el =0 U k H . We state that 



K A (au) < Um -SV^Ic^-i))- (3-1) 



n— >oo JT, 



For CAR, this is implicitly contained in the proof of Lemma 5.3 in [3V]. So we will consider 
CCR only 

For a finite set X, we denote by Mat(X) the C*-algebra of linear operators on l 2 (X). Let 
{zxy}x,yex be the canonical system of matrix units for Mat(X). Following Voiculescu (see 
Lemmas 5.1 and 6.1 in @]), for X C H, we introduce unital completely positive mappings 

i x :Mat{X) ^U{H), j x : U(H) -»• Mat(X), 

ix(e xy ) = j^W(x)W(y)*, j x (o) = P X 7r T (a)P x , 

where r denotes the unique trace on U(H) {r(W(f)) = for / ^ 0), and P x is the projection 
onto the subspace Lin{7r r (VF(x))£ T | x £ X} C H T identified with l 2 (X). Then 

(ixo 3x )(W(f))= lXn{ X~ f)l W(f) VfGH. 

Hence, for any subspace K of H, there exists a net {Xi}i of finite subsets of K such that 
ll(*X,°JXi)(a)-a|M> VaeU(K). 

i 

Let = H QH a be the subspace corresponding to the singular part of the spectrum of U. 
By Lemma 2.2, in computing the entropy we may consider only the channels in U m U(H s (BH m ). 
If 7 is a channel in U(H S © H m ) = U{H S ) (&U(H m ), then it can be approximated in norm by 
a channel of the form {i x © iz) ° (jx ® jz) ° 7> where X C H s and Z C -£f m . Hence, it suffices 
to consider only the channels i x ®iz- 

So, let 7 = i x ®i z :Mat(X) ® Mat(Z) -^U(H S ) ®U{H m ) = U{H S @ H m ). Set L = LinX. 
Fix e > 0. By Lemma 5.1 in fSVj, there exist no G N and a sequence of projections {(5n}^L no 
in B(H S ) such that dimQ n < en and — Q n ^ fc )|L|| < e for A; = 0, . . . , n — 1. Define a 

channel Mat(X) -» «(il s ), 



'jf K^xy, \X\" v " v "~ \" v " _ iy 



On the other hand, we have 

(4 o i x )(e xy ) = ^Lw(U k x)W(U k y)* = ^'^^V^W (U k (x - y)). 

We may conclude that there exists an upper bound for ||ajy o i x — i x ' k \\u A depending only 
on e, ||j4||, |X| and \ \X\ \ = max{||x|| | x £ X}. Set 

■ ln,k) , k • \ 
1n,k = i X ® [Ctu O 1 Z ). 



Then \\oLy 07 — 7 n) fc|| aM is bounded by a value depending only on e, \\A\\, \\X\\, \X\ and \Z\ 



By Proposition IV. 3 in jCNT] 



\H UA {l,OLU O 7, . . . ,0^ 1 o 7) " ^(7n,0>7n,l. • • • .7n,n-l)| < (3.2) 

where 5 = 5(e, \\A\\, \\X\\, \X\, \Z\) — > 0. Since 7„ ^'s are channels in U{Q n H s © H m+n _i), we 
have 

#w A (7n,0>7n,lj • • • >7n,n-l) < 5'(^A|w(Q n H a eH m+n _i))- (3.3) 

By Lemma |2.3| , 

)) < S(wA|«(Q n H,)) + ^(^aIw^+^o) (3-4) 

and 

SM W ( Qn tf,))< (t/ (||A||)- r, (l + ||^||))dimQ nJ ff s < £71(77(1^1)- r, (1 + ||A|D). (3.5) 
^From (|3.2|)-(^5|) we conclude that 



h„ A (r,a u )<6 + s(r ] (\\A\\)-r ] (l + \\A\\))+ lim ^MwCffn-x))- 



n— too n 



Because of the arbitrariness of e, the proof of (3A) is complete. 
Applying Lemma |2.3|, we obtain 



m 



CAR: h UJA (au) < S(u>a\a(h )) = ^(7](A m )+77(l-A m )), 

m=l 

mo 

CCR: K A {ajj) < S(ua\u(H )) = ^2iv(^m) -t?(1 + A m )), 

m=l 

where A m = / X m (z)d\(z). Applying these inequalities to the operator U n and using the 
Jt 

equality h UA (au) = ~hu A (a.xjn), we may conclude that 

^ mo n 

CAR: W«tf)<-£;i>(A 

) + 77 (1 - A mnfc )), 

m=l fe=l 
^ mo n 

CCR : /i^(a[/) < - 5Z EW^" 1 ') - ??(! + A m „fc)), 



n 

m=l k=l 

k 



where \ mnk = n A m (e 2mt ) dt. 

n 

It remains to make use of the following lemma. 



Lemma 3.1 Let g be a bounded measurable function, f a continuous function. Then 



lim -Y>fn [" g(t)dt] = C f(g(t))dt. 



Proof. Define a linear operator F n on L 1 (0, 1), 

'k—1 k 



(F n h)(t) =n h(t)dt on 



n n 



Then F n — ► id pointwise-norm. Indeed, since ||-F n || = L it suffices to prove the assertion for 
continuous functions, for which it is obvious. Thus, F n g — ► g in mean, hence in measure. By 
virtue of the uniform continuity of /, we conclude that / o F n g — > / o g in measure, whence 

/ foF n gdt^ fogdt. 
Jo Jo 



4 Lower bound for the entropy: basic estimate 

The aim of this section is to prove the following estimate. 

Proposition 4.1 For given e > and C > (C < 1 for CAR), there exists 5 > such that if 
Spec A C (Ao — 5, Xq + 5) for some Ao G (0, C) and f/ie spectrum ofU n has Lebesgue component 
for some n G N, £/ien 

CAR : VJac/U^J > -(r? (A ) + r? (1 - A ) - e); 
CCR: K A { au ) > Uj] (A ) - rj (1 + A ) - e). 

First, we will prove that i£ f € H is close to be an eigenvector for A, then, for any 
a G C(Cf), ua{clx) is close to ^(a)^^) uniformly on x G C(Cf)' n C(H). 

Lemma 4.2 Lei be a system of matrix units in a W*-algebra M, e = J2k e kk> w a 

normal faithful state on M . Then, for any x G M commuting with the matrix units, we have 

\u(e kk x) - X k uj(x)\ < 2(A^ /2 ||1 + \\^) /2(T -i/2{ekj) ~ >^ 2 e kj \\ w )\\x\\* , 

j 

where | \x\ |* = (lj(x*x) + uj{xx*)) 1 / 2 and \ k = oj(e kk ). 

Proof. Let £ = £ w and J = J w be the cyclic vector and the modular involution corresponding 
to lo. We have 
\ju(e kk x) = 

= A] /2 ((A] /2 Je jfe - \l /2 e kj )£, Je jk xi) + A^ /2 (e fcj Jx*£, (A) /2 Je ifc - A^ /2 e fcj )?) + A fc (x£, Je^), 
whence 

\\ju(e kk x) - \ k (x£, Jejj£)\ < (A* /2 ||x|| w + A^ /2 ||x*|| w )||A) /2 cr_ i/2 (e fcj ) - A^e^l^ 

< 2||z||#||A] /2 <7_ i/2 (e fej ) - Af e fcj || w . (4.1) 

Further, 

W{e kk x) - ^2 Xjuj(e kk x)\ = u{\ - e)\uj{e kk x)\ < ||1 - e| UA^ /2 | \x\ | w , (4.2) 

i 

and 

| ^ A fc K, Je^) - A fc co(x)| = Afe|(xC, J(l - e)OI < A^ /2 1 1 1 - e|| w ||x|| w . (4.3) 
j 



Summing up ( |4.1| )-( p~3D , we obtain the desired estimate. 

■ 

Recall that in Section |2| we introduced a system of matrix units {eij(f)}i,j in ■k wa {C{H))" 
(/ £ H, ll/H = 1). In the sequel we will identify C(H) with its image in B(H LUA ). 

Lemma 4.3 

CAR : For given £ > 0, there exists 5 > such that if Spec A C (0, 1) and 



1 v/2 /-fAV /! / 



l-A J V 1 - A 



< 5 for some f, \\f\\ = 1, where A = (Af,f), 



then \\X l j l2 a_ i / 2 (e kj {f)) - X]/ 2 e kj {f)\\ UA < eiXjXk) 1 ^, k,j = 1,2, where Ai = 1 - A, A 2 = A. 
CCR: For given e > 0, C > and k,j £ Z + , i/iere ezisfc 5 > suc/i i/iai i/ Spec ^4 C (0, C) 
and 



< 5 for some f, \\f\\ = 1, where A = (Af,f), 



then \\\) l2 (J-i/2{ekjU)) ~ ^1 e kj(f)\ Ua ^ e(AjA fe ) 1/4 , w/iere \ r , 



(1 + A) m+1 ' 
Proof. We have 

p] /2 o-_ i/2 (e fci ) - A^ /2 e fcj || 2 A = 2(A i A fc ) 1/2 ((A j A fe ) 1/2 - wa^ct^^)))- 

So we must prove that cvA(^jk°'-i/2( e kj)) is close to (AjA^) 1 / 2 when 5 is sufficiently small. 

CAR : Set B = and B = . We have 
1 - A l-A 

WA(ei20--i/2( e 2i)) = WA(e 2 i(7_ i / 2 (ei2)), 

Ai - uj A (e 11 a_ i / 2 (en)) = io A (e 11 a_ i / 2 (e 22 )) = A 2 - ^A(e 22 cr_j/ 2 (e 22 )). 
By virtue of Q and Q, <7_ i/2 (e 2 i) = a_ l/2 (a*(f)) = a*{B l / 2 f), so 

lk-V2(e2i)-/3 1/2 e 2 i|| = WB^f-P^fW < S, 

whence 

I^A(ei2^/2(e 2 i)) - A 1 / 2 (l - A) 1 / 2 ) = \co A (e 12 (a_ l/2 (e 21 ) - ^ e21 ))| < 5 

and 

|wA(eii<T_ i/2 (e 22 ))| = |wA(en(cr_ i/2 (e 2 i) - P 1/2 e 21 )a_ i/2 (e 12 ))\ < 5. 

CCR : Set B = and B = -. First consider the case k = j. We have to prove 

1 + A 1 + A 

that 

Afe - UA{e kk o--i/ 2 {e kk )) = WA(efcfcO\_j/ 2 (l - e kk )) = WA(efcfcO-_j/ 2 (e mm )) 



is small if 5 is small enough. Since 



m=mo 



mo 
2 < 



1 + C 



0, it suffices 



mo-too 



^,1 



to prove that 0JA{ekk°~-i/2{ e mm)) can be made arbitrary small for any fixed m ^ k. Since 
UA(e kk a__ i /2(e mm )) = io A (e mm a_ i / 2 {e k k)) 1 we may suppose that m > k, i. e., m = k + n for 
some n G N. We have (see fl2.5|) ) 

(n-l)!\ 1/2 



efc+n,fc+n = c kn a* (f) k+l e n -i )k + n , where c fcn 
Using (2.4), we obtain 



(k + n)! 



' II I P 



A 1 / 2 efe +ri) fe + „^ = c kn Je k+n ^ l Ja*(B 1 l 2 f) k+1 t. 

Since ||(a*(/i) fc+1 — a*(/2) fc+1 )C|| is bounded by a value which depends only on k, 
\\fi\\ and — /2II (this is most easily seen from the explicit description of the GNS- 
representation in terms of the Fock representation, see Example 5.2.18 in flBR2[ |), we conclude 
that a^i/ 2 {e k+ n,k+n)i is close to 

0^ c kn Je k+n ^! Ja* (/) fc+1 £ 
when 5 is sufficiently small. But then e kk a_ i / 2 (e k+n:k+n )^ is close to 



2 c kn J e k+n , n -i J e kk a*{f) + £ = 0. 

It remains to consider the case j 7^ k. As above, we may suppose that j > k, j = k + n for 
some n E N. We have 

fc! \ 1/2 



(k + n)\ 



e k+ritk = d kn a*(f) n e kk , where d kn - 

As above, we conclude that 0"_j/ 2 ( e fc+n,fc)£ is close to 

0^d kn Je kk Ja*(f) n ti 
for sufficiently small 5, so tJA(.^k,k+n cr -i/2( e k+n,k}) is close to 

0^d kn (e k)k+n a*{f) n ^,Je kk i) = 0%(e kk £, Je kk £) = 0*u A (e kk a_ i/2 (e kk )). 



As we have proved, UA{e-kk°~-i/2{ e kk)) can be made close to A^ 



[1 + A) fc +! ' 



but then 



A 



,2 u> A (e kk a^ i/2 (e kk )) is close to (^Y^PaJ ' (1 + A) fc+1 = ( AfeAfc +™) 



A 



a/2 



Lemma 4.4 For given N E N and e > 0, there exists S = 5(e, N) > such that if A is an 
abelian W*-alqeb ra, u> a normal faithful state on A, B C A a W* -subalgebra, and {^i}j = ^ a 
family of projections in A such that £^ x% = 1 and 



then 



\u{xiy) - u(xi)u(y)\ < 8\\y\\ Vy E B, i = l,...,N, 
^2r](uj(x l y j )) > ^2<n(u;(xi)) + ^2rj(u)(yj)) - e 

hj « j 

for any finite family of projections {yj}j in B with ^2jVj = 1- 



1 



Proof. Cf. pNl| , Lemma 3.2]. 

■ 

The proof of Theorem 3.1 in [GN1] shows that Lemma 4.4 is also valid for non-abelian A 
(with Xi GB'fl A) and without the requirement that x^s and 7/j's are projections, but we will 
not use this fact. 

Proof of Proposition J^A . Consider the case of CCR-algebra. 
There exists 8\ > such that 

|r/(A) - 77(1 + A) - »7(Ao) + 7/(1 + A )| < § VA 6 (0, C) VA > : |A - A | < <5i. 



We can find N € N such that 



00 ✓ . ^ 



k=N 



Then, since E£o r ?( A ( X + A ) 



(1 + A) fc +V 6 

77 (A) — rj (1 + A), we have 



X>( ( i +A)&+ i) 



>7 ? (A )-7 ? (l + Ao)-- VA G(0,C)VA>0:|A-A | <<5i- (4.4) 



By assumptions of Proposition, there exists f £ H such that {U kn f}k<=z is an orthonormal 
system in H. Set = e^kif), k = 0, . . . , N — 1, and = 1 — Sfe^o 1 P* - Let ^ ^ e ^ ne algebra 
generated by pk, k = 0, . . . , N. Then 



K A (au) > Jim ^H UJA (P,a u (P),...,a k u n - 1 (P)) > lim -Lh ua (P,o$(P), 

k^oo KIT, k^oo K71 

1 ^ 

- I" ^ ^(wA(K «C/(Pii)---«(/~ 1)n (K fe -i))) + 



fc(n-l) 



io,...,ifc_i=0 



1 * 

+ - J2S(u a \v,ua(- V-i/2(Pj))\v)- 



(4.5) 



We want to prove that if Spec A C (Ao — 8, Ao + 8) with sufficiently small 8, then the first term 
in ( |4.5[ ) is close to ^(77 (Ao) — rj (1 + Ao)) to within ~, while the second term is close to zero. 
Start with the second term. We have 

N N N 

ES(u A \-p,u A (- <r-i/ 2 (pj))\v) = ^ J ^2^A(PkO--i/ 2 (Pj))(loguj A (pka_ i/ 2(pj)) -\ogu A (p k )) 

j=0 j=0 k=0 



N 



N 



Yj ni^AiPk)) -^2ij(uA(pkV-i/ 2 {pj))) 



k=0 



3=0 



By Lemma 4.3, oj A {pk<T-i/ 2 {Pj)) can be made arbitrary close to 8kjUi A (pk) (more precisely, we 
can state that this is true for j < N — 1, but since uj A (pkcr_i/2(pN)) = ^AipN^-i^ipk)) and 



JV-l 



UA&n) ~ U A {p N 0-_ i/2 {pN)) = UJ A{PN<y-i/2{Pk)), 



k=0 



this holds for all k, j < N). Hence, there exists S2 E (0, S\) such that if Spec A C (Ao — 62, Ao + 
5 2 ), A E (0,C), then 

N 



y^S{u A \ v ,to A (-a_i/2(pj))\v) > -o- 
i=o d 



Turning to the first term in (|4.5|), set 



e 1 = 5[-,N + l), 



(4.6) 



(4.7) 



where <5(- , •) is from Lemma iA. Find iVi E N such that 



C + \ 2 £1 
l + C + 5 2 y < 8iV' 



Then 



iVi-l 
1 - £ efefc(/) 

fc=0 



<^ if A<C + * 2 , 



hence, by Lemmas 4.2 and 4.3 applied to {ejy there exists £3 E (0, #2) such that if 

Spec ,4 c (A - S 3 , A + 5 3 ), A E (0,C), then 



u^(pfcx) -WA(p fc )wA(x)| < ^1 Nl^ <eilNI VsG^/ 1 )", fe = 0, . . . , N - 1. (4.8) 



£ i 11 m# 

We have also 

\u A (p N x) - u A {p N )u) A (x)\ < ^2 \ u A(Pkx) - uj A {p k )u A (x)\ < ei\\x\\ Mx E hi{f^)". (4.9) 



JV-l 



k=0 



/From (|4.7 D -(|4.9| ) and Lemma [4.4| we infer that if Spec ,4 C (X -5 3 , A + (5 3 ), A E (0, C), then, 
for any E N, 

AT 

(fc-l)n. 



£ 7 ? (w A ( Ko a£ r (p il )...a c/ n {p %k _ l )))> 

i ,...,i fc _i=0 



A/ 



A 7 



> v(v A (p io )) + £ »7(wA(Piia&(Pia) 2)n (Pi fe _J)) - ^ 



io=0 



ii,...,ifc_i=0 



iV 



> ... > kJ2v{u A {pj)) - (k- 1)- > A; 

3=0 j=o 



N-l 



(T^)3TT)-( fc -4 < 4 ' 10 > 



where A = (Af, f) E (A - 5 3 , A + 5 3 )- It follows from Q, Q and (gig ) that we may take 
5 = S 3 . 

The proof for CAR is similar, and we omit the details. 



-1 ( 



5 Lower bound for the entropy: end of the proof 



In this section we will complete the proof of the lower bound for the entropy. 

By virtue of the existence of an w^-preserving conditional expectation C{H) —* C(H a ), we 
have h U j A (au) > h UJA (au a ). So we may suppose that U has absolutely continuous spectrum. 



First, we will extend Proposition 4.1 to arbitrary unitaries. The main step here is the 
following observation. 

Lemma 5.1 Let U n be a unitary operator on H n , n G N, and {z n }^ =1 C T. Consider two 
unitary operators U' and U" on H = ®^ = iH n , 

u'=® u n , u" = © z n u n . 

n=l n=l 

Then h u}A (au') = h ulA (au") for any ajjf- and au" -invariant quasi-free state to a on C(H). For 
CAR, the same holds for the restrictions of the automorphisms to the even part A{H) e of the 
algebra. 



Proof. For CAR, this was proved in [GN2, Lemma 2.4]. For CCR, the result is valid by similar 
reasons. 

Consider the unitary operator V = ®^ = xZ n . We state that there exists a set {Ci}i of 
finite-dimensional C*-subalgebras of C(H)"(c B(H UA )) such that ay{Cj) = C% and 

K A (a) = sup h UA (d ; a) 



for any cu^-preserving automorphism a. Suppose the statement is proved. Then, since ajjn = 
ayajji = ajjiay, we have a^,,(Cj) = a^,{Ci) V7c £ Z, and hence h u , A (Cf, au") = h UA (Ci;ctu') 
Vi, whence h UA (au») = h^ A (au')- 

For each n £ N, choose an increasing sequence {H n k}^ =1 of finite-dimensional subspaces 
of H n such that DkH n k is dense in H n . Set 

Kn = H\ n © ... © H nn . 

Then K n is finite-dimensional, K n C K n+ i, L)K n is dense in H. Since VK n = K n , for CAR we 
may take C n = A(K n ) (respectively, for the even part we may take A(K n ) e ). For CCR, we can 
not take U(K n ys, since they are infinite-dimensional. However there exist finite-dimensional 
subalgebras of U(K n )" that are still invariant under ay. Namely, for any finite-dimensional 
subspace K of H and any n £ N, we define a finite-dimensional C*-subalgebra lA n {K) oiU(H)" 
as follows. Let Nk be the number operator corresponding to K, i. e., 

N K = a*{h)a{h) + ■■■ + a*(fm)a(f m ), 
where fi, ■ ■ ■ , f m is an orthonormal basis in K. This is a selfadjoint operator affiliated with 



U{K)" , its spectrum is Z + (see BR2 |). Let P n (K) be the spectral projection of Nk corre- 
sponding to [0,n — 1]. Set 

U n (K) = P n {K)U{K)"P n {K) + C(l - P n (K)). 

The algebra lA n (K) is finite-dimensional, since in the Fock representation of U(K) the projec- 
tion P n {K) is the projection onto the first n components of the symmetric Fock space over 



K, and any other regular representation of U(K) is quasi-equivalent to the Fock representa- 
tion. If VK = K, then a v (N K ) = N K and a v (U{K)) = U(K), hence a v (U n (K)) = U n {K). 
Since U n U(K n )" is weakly dense in U(H)", and U m U m (K n ) is weakly dense in U(K n )", by 
Lemma |2.2| we conclude that any channel in U(H)" can be approximated in strong operator 
topology by a channel 7 in U m (K n ) for some m, n S N. But then h LVA ('y; a) < h UJA (U m (K n ); a). 
Thus we may take C mn — Li m (K n f 



Lemma 5.2 Let X\, X2 be measurable subsets ofT, X(Xi), A(A^) > 0. Then there exist a 
measurable subset Y of X\, X(Y) > 0, and z£T such that zY C X2- 

Proof. See Lemma 3.5 in [GN2j where this lemma is proved for arbitrary locally compact 
groups. We want only to note that for T the result is rather obvious in view of the possibility 
of approximating measurable sets by finite unions of arcs. 

■ 

Now we can extend Proposition 4.1 to arbitrary unitaries (with absolutely continuous 
spectrum). Consider a direct integral decomposition 



yffi ye 
H= / H z d\(z), U= / zdX(z), 
Jt Jt 



and set X = {z e T\H Z ^ 0}. 

Lemma 5.3 For given e > and C > (C < 1 for CAR) there exists 5 > such that if 
Spec A C (Ao — 5, Ao + S) for some Ao 6 (0, C), then 

CAR: W«£/U(tf)J > A ( X )(^ ( A o) +77(1 - Ao) - e); 

CCR: ^ A (ac/) > A(X)(r? (A ) - r? (1 + A ) - e). 

Proof. Consider the case of CAR-algebra. Choose 5 > as in the formulation of Proposi- 
tion *L1. Let {n/ c }^l 1 C N be a sequence such that A(X) = Ylk 7T- ^orn lemma and 
Lemma 5^2 ensure the existence of an at most countable set {Xi m } m of disjoint measurable 
subsets of X and a set {zi m } m C T such that 



exp 2-iri 



0, 



nk 



[J Z km Xkra mod 



(5.1) 



holds for k = 1. Proceeding by induction, we obtain a countable measurable partition 
{Xk m }k,m °f ^ an d a countable subset {zk m }k,m of T such that (5.1) holds for all /c £ N. 
Let Hkm be the spectral subspace for U corresponding to the set Xk m - Set Hk = © m Hkm-, 
and define a unitary operator Uk on fl^, 

f^fc = ®z km U\ Hkm . 



By Lemma 5.1 and Proposition 4.1, we have 

K A {pLu\A{H k ) e ) = h u A ( a U k \A(H k ) e 



> — (r/(A ) + r ? (l-A ) 
nk 



For any ko G N, there exists an u^-preserving conditional expectation A(H) —> ® k k ° =1 A(Hk) e 
(see Remark 4.2 in [ [5Vf ). By virtue of the superadditivity of the entropy H5V| , Lemma 3.4], 
we conclude that 

ko / k j \ 

^ A (ac/U(if)J > ^^(at/U^^J > (X)— (r?(A ) + r ? (l-A )-e). 
fc=i \fc=i fc / 

Letting ko — > oo, we obtain the estimate we need. 
The proof for CCR is similar, and we omit it. 



Proof of Corollary LJl. We will consider only the case of CAR-algebra. Fix So G (0, A) and 



take e G (0, r/(<5o))- Let S be as in the formulation of Lemma 5.2 with C = 1 — So- For any 



Borel subset X of R, let be the spectral projection of ^4 corresponding to X. Then 

lx(A)= I'® l x (A z )d\(z). 



Define a measurable function <px on T, 

4>x(z) 



1, 1 X (A Z )^0, 
0, otherwise. 



By Lemma 5.2 , we conclude that if X is a Borel subset of (Xq—S, Ao+<5) for some Ao G (So, 1— <$o) 
then 



W a cU(ix(A)H)J ^ fo(Ao)+*7(l - Ao)-e) / <Px(z)dX(z) > rj(l-S )- / (f> x (z)d\(z) , (5.2) 

where we have used the inequality rj (Ao) +i] (1 — Ao) > ?? (#o) + ?7 (1 — Jo) • 

Let to = 5q < t\ < . . . < t m = 1 — So, tk — tk-i < S. Then by the same reasons as in the 



proof of Lemma 5J3, we obtain from (|5.2j ) the inequality 

hu A (au) > rj{l - S ) ■ / Y> (tfe _ lA] (z)(fA(z). 

Letting max(ifc — t^-i) — > 0, we conclude that if h LUA (au) < oo, then (So, 1 — So) H Spec A 2 is 
finite for almost all z£l Since e>o is arbitrary, A z has pure point for almost all z provided 
the entropy is finite. 

■ 

It remains to consider the case where A z has pure point spectrum for almost all z. Then 

N „ 

H= e L 2 (X n ,d\), 

n=l 

where X n is a measurable subset of T, N < oo, U and A act on L?(X n ) as multiplications by 
functions z and A n (z), respectively. We must prove that 



CAR: K A (au) > ^ ! ( V (A n (z)) +77 (1 - X n (z)))dX(z), 

71=1 Xn 

AT 

CCR: Wtf) > E / fa ( A "( z )) - ^C 1 + A„(z)))dA(z). 
n=l ^ Xn 



Again, consider only the case of CAR-algebra. Using the superadditivity as above, we see 



that it suffices to estimate h UA (au\MH) e ) supposing N = 1. As in the proof of Corollary 1.2 
fixing 5q > 0, e > and choosing to = 5q < t\ < . . . < t m = 1 — 5q, we obtain 



m „ 

K A {otu\A{H) e ) >J2 ( 
k=1 J {tk-i<^i{z)<t k } 



(r, (t k ) + ri (1 - t k ) - e)d\{z) 

\ 

if max(tfc — tk-i) is small enough. Letting max(tfc — — > 0, we obtain 



^ A (at/U We )> / (rj(Xi(z))+rj(l-X 1 (z)))d\(z)-e. 

J {S <\i(z)<l-8 } 

In view of the arbitrariness of <5q and e, the proof is complete. 



Appendix A 

The results of the paper allow to construct a simple example of non-conjugate K-systems with 
the same finite entropy (see also Section 5 in | GN1| ). 



Theorem A.l Let U be a unitary operator on H with absolutely continuous spectrum, A £ 
B(H), A > 0, Kervl = 0, AU = UA. Suppose 

ito 

= U for some t G M\{0}. 



l + A 



Let ui and tq, £ R, be the quasi-free state and the Bogoliubov automorphism of the CCR- 
algebraU(H) corresponding to A and e l9 U , respectively. Set M = Tt u (U(H))" . Then 

(i) M is the hyperfinite lll\-f actor; 

(ii) (M,u;,Tg), 6 £ [0,27r), are pairwise non-conjugate entropic K-systems with the same 
entropy. 

Proof. There exist a larger space K D H and a unitary operator V oxi K with homogeneous 
Lebesgue spectrum such that U = V\h- Let C be a non-singular bounded positive operator 
on K commuting with V such that A = C\h- Set <f> = uc, fie = a e ie v and = %^{JA{K ))". 
Since <f> is separating, we may consider M as a subalgebra of N. The algebras M and N 
are hyperfinite Illi-factors, moreover, the centralizer M u is trivial (see, for example, |GN1 |, 



p. 227). There exists a subspace K of K such that K C VK , n n V n K = 0, U n V n K is 
dense in K. Let N be the W*-subalgebra of N generated by U(K ). Then N C fie(N ), 
U nm (p e n (N y n (3()(Nq)) D U neN U(V n K e V~ n K ) is weakly dense in N, n n /3£(A ) = CI 
since A is a factor. Hence, (N,<fi,/3g) is an entropic K-system by HGN1 , Theorem 3.1]. Since 



(M,u;,Tg) is a subsystem, and there exists a (^-preserving conditional expectation N — > M, it 
is an entropic K-system too. 

The fact that h u (rg) does not depend on 8 follows either from the formula for the entropy 



or directly from Lemma 5.1 



It remains to prove the non-conjugacy. Let 6 i— > 70 be the gauge action. Since tq = jgTo, 
it suffices to prove that (M, cj,Tq) and (M,uj,Tg) are non-conjugate for 9 G (0,27r). Since 
T o = °~toi an y ^-preserving automorphism of M commutes with tq and can not conjugate tq 



with an automorphism different from tq. 

■ 

Note that any K-automorphism is ergodic, and for any ergodic automorphism there exists 
at most one invariant normal state. Hence, any automorphism of M conjugating tq 1 with tq 2 
preserves u. Thus, the automorphisms t$, 6 £ [0, 2tc), are pairwise non-conjugate (but their 
restrictions to U{H) are conjugate). 

To obtain finite entropy we may take, for example, unitaries with finitely multiple spec- 
trum. We see also that if the unitary has homogeneous Lebesgue spectrum, then the systems 
constructed above have the algebraic K-property. 



Appendix B 

The following result was used in Sections ^ and |5[ 

Theorem B.l Let (Z,v) be a standard measure space, Z B z i— > H z a measurable field 
of Hilbert spaces, d(z) = dimH z , A = J® A z dv{z) a decomposable self adjoint operator on 
H = H z dv(z). Suppose that A z has pure point spectrum v-a. e. Then there exist measurable 

vector fields e\(z), e2(z), . . . , such that {e n (z)}^^ is an orthonormal basis of H z consisting 
from eigenvectors of A z for almost all z, and e n (z) = for n > d(z) if d(z) < No- 

Proof. First, prove that there exists a measurable vector field e such that e(z) is an eigenvector 
of norm one for A z for almost all z. In proving this we may suppose that Z is a compact metric 
space, {H z } z the constant field defined by a separable Hilbert space Ho, and z \—* A z £ B(Hq) 
a weakly continuous mapping. Consider the subset X of Z x Hq x R defined by 

X = {(z, e, A) | ||e|| = 1, A z e = Ae}. 

Since X is closed, there exists a measurable section for the projection X — > Z, and our 
statement is proved. 

Let {ei}i£i be a maximal family of vectors in H such that ei{z) and &j(z) are mutually 
orthogonal a. e. for i ^ j, and ei{z) is an eigenvector of norm one for A z for almost all z. Since 
H is separable, / is at most countable. Hence, if P z is the projection onto the space spanned 
by ei(z),i S /, then z i— ► P z is a measurable field of projections, whence z h- ► (1 — P Z )H Z is 
a measurable field of subspaces. By the maximality, {ei(z)}i^i is an orthonormal basis of H z 
consisting from eigenvectors of A z on a subset of Z of positive measure. Thus, the conclusion 
of Theorem holds on a subset of positive measure. Applying the maximality argument once 
again, we obtain an at most countable measurable partition of Z such that vector fields with 
the required properties exist over each element of the partition. Gluing them, we get the 
conclusion. 

■ 

Note that if it was a priori known that there exist measurable functions \i(z), \2(z), . . . , 
such that the point spectrum of A z coincides with {A n (z)} n (counting with multiplicities), 
then the conclusion of Theorem would follow directly from Lemma 2 on p. 166 in Q. 
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